This paper provides veri cation procedures for a number of decision problems in quadratic function elds of odd characteristic, thereby establishing membership of these problems in both NP and co-NP. The problems include determining the ideal and divisor class numbers of the eld, the regulator of the eld (in the real case), a generating system of the ideal class group, a basis of the ideal class group, the pricipality of an ideal, the equivalence of two ideals, the discrete logarithm of an ideal class with respect to another ideal class, and the order of a class in the ideal class group. While several of these problems belong to the aforementioned complexity classes unconditionally, others require a certain assumption to ensure that the veri cation procedures can be done in polynomial time; so far, this assumption has only been veri ed for elds of high genus.
Introduction
A number of invariants of quadratic function elds, such as the ideal and divisor class number and, in the real case, the regulator, can currently only be determined in exponential or, at best, subexponential time (see 1, 2, 16] ). The same is true for certain computations involving ideals in quadratic function elds, such as extracting discrete logarithms in the ideal class group and, in the real setting, nding a generator of a principal ideal. It is therefore natural to pose the following question: Suppose an all-knowing entity (or number theorist) provides a candidate for one of these quantities, how di cult is it to verify the correctness (or falseness if the number theorist is mean-spirited) of this answer? A number of analogous problems in quadratic number elds have previously been shown to belong to both the complexity classes NP and co-NP under the assumption of the extended Riemann hypothesis ( 5, 6, 9] ). We investigate the following nine decision problems in quadratic function elds:
Is a given ideal principal? (E) Are two given ideals equivalent (i.e. do they belong to the same ideal class)? (DL) In imaginary quadratic function elds, the unique identi cation of an ideal class by its reduced representative trivially implies that (P), (E) 2 P, DL 2 NP, and (O) 2 NP \ co-NP. In 13] , it was shown that (P), (E), (DL) 2 NP in the real setting. We will establish that (R) 2 NP \ co-NP and, for a certain in nite class of quadratic function elds, that (P), (E) 2 co-NP and (O) in NP \ co-NP in the real case. In addition, for these elds (both real and imaginary), we show that (DL) 2 co-NP and (DC), (IC), (G), (B) 2 NP \ co-NP.
The conditional results require that a generating system of polynomial size for the ideal class group of the eld be known. For quadratic number elds, such a generating system is given by all the non-inert prime ideals whose norm is bounded by 12(logD) 2 (see 4]), provided the extended Riemann hypothesis holds. In the function eld case, an analogous generating system is available, but it is proven to be of polynomial size only in elds of very large genus. In the next section, we reiterate some basics about quadratic function elds. Section 3 establishes some required facts about lattices and nite Abelian groups. Our complexity results are given in Section 4. All our conclusions are summarized in two tables at the end.
Quadratic Function Fields
For an introduction to algebraic function elds, we refer the reader to 18]. Quadratic function elds are discussed in considerable detail in 3, 15, 17] . Let k = F q be a nite eld of odd characteristic with q elements and let x be an element that is transcendental over k. Denote by k(x) and k x], respectively, the rational function eld and the ring of polynomials over k in the indeterminate x. For ease of notation, we omit the variable x in rational functions and polynomials, writing F = F(x). Every nonzero ideal in O is a k x]-module of rank 2 with a unique standard basis fSQ; S(P + )g where S; Q; P 2 k x], SQ 6 = 0, S and Q are monic, Q divides D ? P 2 , and jPj < jQj. Henceforth, all ideals are assumed to be nonzero (so the term \ideal" will always be synonymous with \nonzero ideal") and given in this standard representation; write a = S(Q; P). An ideal a is primitive if S = 1, and a primitive ideal a = (Q; P) is reduced if deg Q g, or equivalently, jQj < jDj 1=2 . The norm of a is N(a) = S 2 Q 2 k x] and the absolute norm is jN(a)j. The conjugate ideal of an ideal a = S(Q; P) is the ideal a = S(Q; ?P); we have aa = (N(a) ) is a principal ideal with generator N(a). If K is real, then every principal ideal a in O has a small generator, i.e. a generator with 0 deg < R. If a is reduced, then is unique up to nonzero constant factors. is always assumed to be given in compact representation (see 13]).
A fractional (O-)ideal a is a subset of K such that Ga = fG j 2 ag is an ideal for some nonzero G 2 k x]; if G = 1 satis es this condition, we often omit the attribute \fractional". Let I be the in nite Abelian group of fractional ideals under ideal multiplication with identity O, and denote by H the in nite subgroup of I of fractional principal ideals. Then the factor group C = I=H is the ideal class group of K; its order h 0 = #C is nite and is the ideal class number of K. Two fractional ideals are equivalent if they belong to the same coset of C, i.e. di er by a factor that is a principal fractional ideal. If K is imaginary, then each coset of C has a unique reduced representative; however, if K is real, then there can be as many as (q g ) (but always nitely many) reduced representatives in each ideal class. 
Properties of Lattices and Finite Groups
In this section, we summarize some well-known results about lattices and nite Abelian groups. These ideas underly the index calculus techniques used on a variety of problems in computational number theory, such as factoring integers, extracting discrete logarithms over nite elds, and computing class groups of quadratic number elds. We will make use of them here for the purpose of verifying invariants of quadratic function elds. 2) is a surjective group homomorphism whose kernel ? is a sublattice of Z m . Thus, the factor group Z m =? is isomorphic to G, so det(?) = l. Let fx 1 ; x 2 ; : : :; x n g be a generating system of ? where x j = (x 1j ; x 2j ; : : :; x mj ) 2 Z m for 1 j n, and let X 2 Mat m n (Z) be the matrix whose columns are the vectors x 1 ; x 2 ; : : :; x n (note that m n). If H = (h ij ) 2 Mat m n (Z) is the matrix obtained by converting X into HNF, then the columns of H also form a generating system of ?; in fact, the rst m columns of H form a basis of ? and we have 
Complexity Results
We are now ready to prove our complexity results. Rather than using the terminology of language recognition, we employ a somewhat less formal model for establishing membership in NP or co-NP of a given problem. A prover Peggy provides a certi cate to a veri er Vic, who subsequently veri es the correctness of this certi cate in time that is polynomial in the length of the inputs given by the question. We let K = k(x; ) be a quadratic function eld and O = k x; ] be the algebraic closure of k x] in K. Any polynomial G 2 k x] is assumed to be given by a list of its coe cients and hence requires (log jGj) bits of storage; in particular, the eld K, represented by q and D, has size (log jDj). The standard basis of an ideal a = S(Q; P) needs (log jSQDj) bits and (log jDj) bits if a is reduced. If K is real and is a small generator of a principal ideal a, then the compact representation of is polynomially bounded by the standard representation of a. Hence, the size of the compact representation of a small generator of a reduced principal ideal (and in particular, that of a fundamental unit of positive degree) is polynomially bounded in logjDj (see 13]).
The following ideal computations can be carried out in polynomial time (see 7, 15, 12, 14] for the exact algorithms). All input and output ideals are assumed to be in standard representation.
1. The product of two ideals. 2. A reduced ideal red(a) equivalent to a given ideal a. 3. A reduced ideal red(a; b) equivalent to the product ideal ab, given two ideals a and b.
4. A reduced ideal red(a; n) equivalent to a n , given n 2 N and an ideal a. 5. The reduced principal ideal bel(l) below l for l 2 N; that is, the unique reduced principal ideal a = ( ) such that deg l and l ? deg is minimal (real case only).
6. The standard basis of a reduced principal ideal a, given a small generator of a in compact representation (real case only).
We begin with some unconditional complexity results. We rst note that the uniqueness of a reduced representative in each ideal class (or equivalently, each divisor class) in the imaginary setting immediately implies (P), (E) For our remaining complexity results, we require the following assumption about the ideal class group C of K:
(A) A generating system of polynomial size for C is known.
(2.1) implies that the rank of C is O(log jDj), so since each ideal class has a reduced representative, such a generating system always exists, but there is no easy way to explicitly nd one or even verify a given generating system as such. There is however an in nite number of quadratic function elds for which (A) holds:
Lemma 4. and 0 x ij < h 0 for 1 i m and 1 j n. By (2.1), the size of X is O(mn log jDj). is principal for j = 1; 2; : : :; n. Vic computes the ideals r ij and s ij (1 i m; 1 j n) as in the previous proposition and checks that s mj is principal for j = 1; 2; : : :; n.
The principality of the ideals s m1 ; s m2 ; : : :; s mn proves to Vic that the columns of X lie in fact in the kernel ? of ', so they generate a sublattice ? 0 of ?. Let H = (h ij ) 2 Mat m n (Z) be the matrix obtained by converting X to HNF. Then Vic knows thatĥ 0 = det(? 0 ) = jh 11 h 22 h mm j is a multiple of h 0 .
If K is real, Peggy provides the regulator R of K, together with a veri cation certi cate. Vic veri es the value of the regulator and, for both the real and the imaginary setting, computes the multipleĥ = Rĥ 0 of h (ĥ =ĥ 0 if K is imaginary) as well as a real number t such that t < h < 2t. A suitable value of t is given in Theorem 6. 
